.« Determination of
Forward and
Futures Prices

In this chapter we examine how forward prices and futures prices are related to the spot
price of the underlying asset. Forward contracts are easier to analyze than futures
contracts because there is no daily settlement—only a single payment at maturity.
Consequently, most of the analysis in the first part of the chapter is directed toward
determining forward prices rather than futures prices. Luckily it can be shown that the
forward price and futures price of an asset are usually very close when the maturities of
the two contracts are the same. In the second part of the chapter we use this result to
examine the properties of futures prices for contracts on stock indices, foreign exchange,
and other assets.

3.1 INVESTMENT ASSETS vs. CONSUMPTION ASSETS

When considering forward and futures contracts, it is important to distinguish between
investment assets and consumption assets. An investment asset is an asset that is held for
investment purposes by significant numbers of investors. Stocks and bonds are clearly
investment assets. Gold and silver are also examples of investment assets. Note that
investment assets do not have to be held exclusively for investment. Silver, for example,
has a number of industrial uses. However, they do have to satisfy the requirement that
they are held by significant numbers of investors solely for investment. A consumption
asset is an asset that is held primarily for consumption. Tt is not usually held for
investment. Examples of consumption assets are commodities such as copper, oil, and
pork bellies. ‘

As we will see later in this chapter, we can use arbitrage arguments to determine the
forward and futures prices of an investment asset from its spot price and other observable
market variables. We cannot do this for the forward and futures prices of consumption
assets.

3.2 SHORT SELLING

Some of the arbitrage strategies presenied in this chapter involve short selling. This
trade, usually simply referred to as “shorting,” involves selling an asset that is not

40
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Table 3.1 Example of a short sale

From the Trader's Desk

An investor shorts 500 IBM shares in April when the price is $120 and buys them
back (to close out the position) in July when the price is $100. A dividend of $1 per
share is paid in May.

The Profit
The investor receives 500 x $120 in April and must pay 500 x $1 in May. The cost of
closing out the position is 500 x $100. The net gain (ignoring the time value of money)

is, therefore,
(500 x $120) — (500 x $1) — (500 x $100) = $9,500

owned. It is something that is possible for some—but not all—investment assets. We
will illustrate how it works by considering a short sale of shares of a stock.

Suppose an investor instructs a broker to short 500 IBM shares. The broker will carry
out the instructions by borrowing the shares from another client and selling them in the
market in the usual way. The investor can maintain the short position for as long as
desired, provided there are always shares for the broker to borrow. At some stage,
however, the investor will close out the position by purchasing 500 IBM shares. These
are then replaced in the account of the client from which the shares were borrowed. The
investor takes a profit if the stock price has declined and a loss if it has risen. If, at any
time while the contract is open, the broker runs out of shares to borrow, the investor is
short-squeezed and is forced to close out the position immediately even if not ready to
do so.

An investor with a short position must pay to the broker any income, such as
dividends or interest, that would normally be received on the securities that have been
shorted. The broker will transfer this to the account of the client from whom the
securities have been borrowed. Consider the position of an investor who shorts 500
IBM shares in April when the price per share is $120 and closes out the position by
buying them back in July when the price per share is $100. Suppose that a dividend of
$1 per share is paid in May. The investor receives 500 x $120 = $60,000 in April when
the short position is initiated. The dividend leads to a payment by the investor of
500 x $1 = %500 in May. The investor also pays 500 x $100 = $50,000 when the
position is ciosed out in July. The net gain is, therefore,

$60,000 — $500 — $50,000 = $9.500

This example is summarized in Table 3.1.

The investor is required to maintain a margin account with the broker. The margin
account consists of cash or marketable secunities deposited by the investor with the
broker to guarantee that the investor will not walk away from the short position if the
share price increases. It is similar to the margin account discussed in Chapter 2 for
futures contracts. An initial margin is required and if there are adverse movements (i.e.,
increases) in the price of the asset that is being shorted, additional margin may be
required. The margin account does not represent a cost to the investor. This is because
interest is usually paid on the balance in margin accounts and, if the interest rate offered
is unacceptable, marketable securities such as Treasury bills can be used to meet margin
requirements, The proceeds of the sale of the asset belong to the investor and normally
form part of the initial margin. ‘
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Regulators in the United States currently allow a stock to be shorted only on an
uptick—that is, when the most recent movement in the price of the stock was an
increase. An exception is made when traders are shorting a basket of stocks replicating
a stock index.

3.3 MEASURING INTEREST RATES

Before getting into the details of how forward and futures prices are determined, it is
important to talk about how interest rates are measured. A statement by a bank that the
interest rate on one-year deposits is 10% per annum may sound straightforward and
unambiguous. In fact, its precise meaning depends on the way the interest rate is
measured.

If the interest rate is quoted with annual compounding, the bank’s statement that the
interest rate is 10% means that $100 grows to

$100 x 1.1 = 8110

at the end of one year. When the interest rate is expressed with semiannual compound-

ing, it means that we earn 5% every six months, with the interest being reinvested. In

this case $100 grows to :
$100 x 1.05 x 1.05 = $110.25

at the end of one year. When the interest rate is expressed with quarterly compounding,
the bank’s statement means that we earn 2.5% every three months, with the interest
being reinvested. The $100 then grows to

$100 x 1.025% = $110.38

at the end of one year. Table 3.2 shows the effect of increasing the compounding
frequency further.

The compounding frequency defines the units in which an interest rate is measured. A
rate expressed with one compounding frequency can be converted into an equivalent rate
with a different compounding frequency. For example, from Table 3.2 we see that
10.25% with annual compounding is equivalent to 10% with semiannual compounding.

Table 3.2 Effect of the compounding frequency on the value of
$100 at the end of one year when the interest rate is 10% per

annum
Compounding Value of $100
frequency at end of year (3)

Annually (m =1) 110.00
Semiannually (m = 2) 110.25
Quarterly (m = 4) 110.38
Monthly (m = 12) 110.47
Weekly (m = 52) 110.51

Daily (m = 365) 110.52
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We can think of the difference between one compounding frequency and another to be
analogous to the difference between kilometers and miles.

To generalize our results, suppose that an amount A is invested for n years at an
interest rate of R per annum. If the rate is compounded once per annum, the terminal
value of the investment is

A(l+R)

If the rate is compounded m times per annum, the terminal value of the investment is
R mn
A(l + —) A1)
m

Continuous Compounding

The limit as m tends to infinity is known as continuous compounding. With continuous
compounding, it can be shown that an amount A invested for n years at rate R grows to

Ae®" 3.2)

where ¢ = 2.71828, The function ¢* is built into most calculators, so the computation of
the expression in equation (3.2) presents no problems. In the example in Table 3.2,
A=100, n =1, and R=20.1, so that the value to which A grows with continuous
compounding is

100¢%! = $110.52

This is (to two decimal places) the same as the value with daily compounding. For most
practical purposes, continuous compounding can be thought of as being equivalent to
daily compounding. Compounding a sum of money at a continuously compounded rate
R for n years involves multiplying it by ¢**. Discounting it at a continuously com-
pounded rate R for n years involves multiplying by e Fn

In this book interest rates will be measured with continuous compounding except
where otherwise stated. Readers used to working with interest rates that are measured
with annual, semiannual, or some other compounding frequency may find this a little
strange at first. However, continuously compounded interest rates are used to such a great
extent in pricing derivatives that it makes sense to get used to working with them now.

Suppose that R, is a rate of interest with continuous compounding and R,, is the
equivalent rate with compounding m times per annoum. From the results in equations
(3.1) and (3.2), we must have

R mn
Aefm = A(l +—"—') .
m

e = (1 +&)
m

R
R.=m ln(l + _"!_) (3.3)

or
This means that

and }
R, = m(e®/™ - 1) (34

These equations can be used to convert a rate with a compounding frequency of m
times per annum to a continuously compounded rate and vice versa. The function In is

~
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the naturai logarithm function and is built into most calculators. It is defined so that if
vy =Inux, then x = ¢

Examples

1. Consider an interest rate that is quoted as 10% per annum with semiannual
compounding. From equation (3.3) with m = 2 and R,, = 0.1, the equivalent
rate with continuous compounding is

21n(1 + %) = 0.09758

or 9.758% per annum.

2. Suppose that a lender quotes the interest rate on loans as 8% per annum with
continuous compounding, and that interest is actually paid quarterly. From
equation (3.4) with m =4 and R, = 0.08, the equivalent rate with quarterly
compounding is

4("%4 _ 1) = 0.0808

or 8.08% per annum. This means that on a $1,000 loan, interest payments df
$20.20 would be required each quarter.

3.4 ASSUMPTIONS AND NOTATION

In this chapter we will assume that the following are all true for some market
participants:

1. The market participants are subject to no transactions costs when they trade.
2. The market participants are subject to the same tax rate on all net trading profits.

3. The market participants can borrow money at the same risk-free rate of interest as
they can lend money.

4, The market participants take advantage of arbitrage opportunities as they occur.

Note that we do not require these assumptions to be true for all market participants.
All that we require is that they be true—or at least approximately true—for a few key
market participants such as large investment banks. This is not unreasonable. It is the
trading activities of these key market participants and their eagerness to take advantage
of arbitrage opportunities as they occur that determine the relationship between
forward and spot prices. ,

The following notation will be used throughout this chapter:

T: Time until delivery date in a forward or futures contract (in years)
So: Price of the asset underlying the forward or futures contract today
Fy: Forward or futures price today
r: Risk-free rate of interest per annum, expressed with continuous compounding,
for an investment maturing at the delivery date (i.e., in T years)

The risk-free rate, r, is in theory the rate at which money is borrowed or lent when there
is no credit risk so that the money is certain to be repaid. It is often thought of as the
Treasury rate; that is, the rate at which a national government borrows in its own
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Table 3.3 Arbitrage opportunity when forward price of a non-dividend-paying stock is too high

From the Trader’s Desk

The forward price of a stock for a contract with delivery date in three months is
$43. The three-month risk-free interest rate is 5% per annum, and the current stock
price is $40. No dividends are expected.

Opportunity _

The forward price is too high relative to the stock price. An arbitrageur can

1. Borrow $40 to buy one share spot.

2. Enter into a forward contract to sell one share in three months.
At the end of three months, the arbitrageur delivers the share and receives $43. The
sum of money required to pay off the loan is 40e™%**12 — $40.50. The arbitrageur
therefore makes a profit at the end of the three-month period of

$43 — 340.50 = $2.50

currency. In practice, large financial institutions usually set r equal to the London
Interbank Offer Rate (LIBOR) instead of the Treasury rate in the formulas in this
chapter—and in those in the rest of the book. LIBOR will be discussed in Chapter 5. It
is the rate paid by one bank when it borrows from another bank.

3.5 FORWARD PRICE FOR AN INVESTMENT ASSET

The easiest forward contract to value is one written on an investment asset that provides
the holder with no income. Non-dividend-paying stocks and zero-coupon bonds are
examples of such investment assets.’

llustration

Consider a long forward contract to purchase a non-dividend-paying stock in three
months. Assume the current stock price is $40 and the three-month risk-free interest
rate is 5% per annum. We consider strategies open to an arbitrageur in two extreme
situations.

Suppose first that the forward price is relatively high at $43. An arbitrageur can
borrow $40 at the risk-free interest rate of 5% per annum, buy one share, and short a
forward contract to sell one share in three months. At the end of the three months, the
arbitrageur delivers the share and receives $43. The sum of money required to pay off
the loan is

4080'05)(3/12 — $40.50

By following this strategy, the arbitrageur locks in a profit of $43.00 — $40.50 = $2.50

at the end of the three-month period. The strategy is summarized in Table 3.3.
Suppose next that the forward price is relatively low at $39. An arbitrageur can short

one share, invest the proceeds of the short sale at 5% per annum for three months, and

! Some of the contracts mentioned in the first half of this chapter (e.g., forward contracts on individual
stocks) do not normally arise in practice. However, they form useful examples for developing our ideas.
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Table 3.4 Arbitrage opportunity when forward price of a non-dividend-paying stock is too low

From the Trader's Desk ‘

The forward price of a stock for a contract with a delivery date in three months is
$39. The three-month risk-free interest rate is 5% per annum and the current stock
price is $40. No dividends are expected.

Opportunity

The forward price is too low relative to the stock price. An arbitrageur can

1. Short one share spot, investing the proceeds of the short sale at 5% per annum

for three months.

2. Take a long position in a three-month forward contract on one share.
The proceeds of the short sale (i.e., $40) grow to 40¢%%°**/1? = §40,50. At the end of
the three months, the arbitrageur pays $39 and takes delivery of the share under the
terms of the forward contract. The share is used to close out the short position. The
arbitrageur therefore makes a net profit at the end of the three-month period of

$40.50 — $39.00 = $1.50

take a long position in a three-month forward contract. The proceeds of the short sale
grow to
4080.05 X]/lz

or §40.50 in three months. At the end of the three months, the arbitrageur pays $39,
takes delivery of the share under the terms of the forward contract, and uses it to close
out the short position. A net gain of

$40.50 — $39.00 = $1.50

is therefore made at the end of the three months. This trading strategy is summarized in
Table 3.4.

Under what circumstances do arbitrage opportunities such as those in Tables 3.3 and
3.4 not exist? The arbitrage in Table 3.3 works when the forward price is greater than
$40.50. The arbitrage in Table 3.4 works when the forward price is less than $40.50. We
deduce that for there to be no arbitrage the forward price must be exactly $40.50.

A Generalization

To generalize this example, we consider a forward contract on an investment asset with
price S, that provides no income. Using our notation, T is the time to maturity, r is the
risk-free rate, and F; is the forward price. The relationship between Fy and S, is

Fy = Spe’” (3.5)

If Fy > Sy¢’7, arbitrageurs can buy the asset and short forward contracts on the asset.
If Fy < Soe’7, they can short the asset and buy forward contracts on it.2 In our example,

? For another way of seeing that equation (3.5) is correct, consider the following strategy: buy one unit of the
asset and enter into a short forward contract to sell it for Fy at time T. This costs Sp and is certain to lead to a
cash inflow of Fy at time 7. § must therefore equal the present value of Fy; that is, S = Fpe 7, or
equivalently Fy = Spe'”.
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Sy =40, r =0.05, and T = 0.25 so that equation (3.5) gives
F[] — 4080.05X0‘25 — $40.50

which is in agreement with our earlier calculations.

Example

Consider a four-month forward contract to buy a zero-coupon bond that wili
mature one year from today. The current price of the bond is $930. (Because
the bond will have eight months to go when the forward contract matures, we
can regard the contract as on an eight-month zero-coupon bond.) We assume that
the four-month risk-free rate of interest (continuously compounded) is 6% per
annum. Because zero-coupon bonds provide no income, we can use equation (3.5)
with T = 4/12, r = 0.06, and Sy = 930. The forward price, F,, is given by

Fy = 930%05*%/12 — $948.79

This would be the delivery price in a contract negotiated today.

What If Short Sales Are Not Possible?

Short sales are not possible for all investment assets. As it happens, this does not
matter. To derive equation (3.5) we do not need to be able to short the asset. All that we
require is that there be a significant number of people who hold the asset purely for
investment {and by definition this is always true of an investment asset). If the forward
price is too low they will find it attractive to sell the asset and take a long position in a
forward contract.

Suppose the underlying asset is gold and assume no storage costs. If ¥y > Sp¢’! an
investor can adopt the following strategy:

1. Borrow S dollars at an interest rate r for T years.

2. Buy one ounce of gold.

3. Short a forward contract on one ounce of gold.
At time T one ounce of gold is sold for Fy. An amount Sye’” is required to repay the
loan at this time and the investor makes a profit of F — Spe’".

Suppose next that Fy < Sye’T. In this case an investor who owns one ounce of
gold can

1. Sell the gold for Sp.

2. Invest the proceeds at interest rate r for time 7.

3. Take a long position in a forward contract on one ounce of gold.

At time T the cash invested has grown to Sy’ . The gold is repurchased for F, and the
investor makes a profit of Sye’” — F; relative to the position the investor would have
been in if the gold had been kept. '

As in the non-dividend-paying stock example considered earlier, we can expect the
forward price to adjust so that neither of the two arbitrage opportunities we have
considered exists. This means that the relationship in equation (3.5) must hold.
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Table 3.5 Arbitrape opportunity when forward price of a coupon-bearing bond is too high

From the Trader's Desk

The forward price of a bond for a contract with a delivery date in one year is $930.
The current spot price is $300. Coupon payments of $40 are expected in six months
and one year. The six-month and one-year risk-free interest rates are 9% per annum
and 10% per annum, respectively.

Opportunity

The forward price is too high. An arbitrageur can

1. Borrow $900 to buy one bond spot.

2. Short a forward contract on one bond.
The $900 loan is made up of $38.24 borrowed at 9% per annum for six months and
$861.76 borrowed at 10% per annum for one year. The first coupon payment of $40
is exactly sufficient to repay interest and principal on the $38.24. At the end of one
year, the second coupon of $40 is received, $930 is received for the bond under the
terms of the forward contract, and $952.39 is required to pay principal and interest
on the $861.76. The net profit is, therefore,

$40.00 + §930.00 — $952.39 = §17.61

3.6 KNOWN INCOME

In this section we consider a forward contract on an investment asset that will provide a
perfectly predictable cash income to the holder. Examples are stocks paying known
dividends and coupon-bearing bonds. We adopt the same approach as in the previous
section. We first look at a numerical example and then review the formal arguments.

INustration

Consider a long forward contract to purchase a coupon-bearing bond whose current
price is $900. We will suppose that the forward contract matures in one year and the
bond matures in five years, so that the forward contract is a contract to purchase a four-
vear bond in one year. We will also suppose that coupon payments of $40 are expected
after 6 months and 12 months, with the second coupon payment being immediately
prior to the delivery date in the forward contract. We assume the six-month and one-
vear risk-free interest rates (continuously compounded) are 9% per annum and 10%
per annurm, respectively. "

Suppose first that the forward price is relatively high at $930. An arbitrageur can
borrow $900 to buy the bond and short a forward contract. The first coupon payment
has a present value of 40¢7999%03 _ §38 24, Of the $900, $38.24 is therefore borrowed
at 9% per annum for six months so that it can be repaid with the first coupon payment.
The remaining $861.76 is borrowed at 10% per annum for one year. The amount owing
at the end of the year is 861.76¢™*! = $952.39. The second coupon provides $40
toward this amount, and $930 is received for the bond under the terms of the forward
contract. The arbitrageur therefore makes a net profit of

$40 + 5930 — $952.39 = $17.61

This strategy is summarized in Table 3.5.
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Table 3.6 Opportunity when the forward price of a coupon-bearing bond is too low

From the Trader’s Desk )

The forward price of a bond for a contract with delivery date in one year is $903.
The current spot price is $900. Coupon payments of $40 are expected in six months
and one year. The six-month and one-year risk-free interest rates are 9% per annum
and 10% per annum, respectively. ‘

Opportunity

The futures price is too low. An investor who holds the bond can

1. Sell one bond.

2, Enter into a long forward contract to repurchase the bond in one year.
Of the $900 realized from selling the bond, $38.24 is invested for six months at 9%
per annum and $861.76 is invested for one year at 10% per annum. This strategy
produces a cash flow of $40 at the six-month point and a cash flow of $952.39 at the
one-year point. The $40 replaces the coupon that would have been received on the
bond at the six-month point. Of the $952.39, $40 replaces the coupon that would
have been received on the bond at the one-year point. Under the terms of the forward
contract, the bond is repurchased for $905. The strategy of selling the bond spot and
buying it back forward is, therefore,

$952.39 — $40.00 — $905.00 = $7.39
more profitable than simply holding the bond for the year.

Suppose next that the forward price is relatively low at $905. An investor who holds
the bond can sell it and enter into a long forward contract. Of the $900 realized from
selling the bond, $38.24 is invested for 6 months at 9% per annum so that it grows into
an amount sufficient to equal the coupon that would have been paid on the bond. The
remaining $861.76 is invested for 12 months at 10% per annum and grows to $952.39.
Of this sum, $40 is used to replace the coupon that would have been received on the
bond, and $905 is paid under the terms of the forward contract to replace the bond in
the investor’s portfolio. The investor therefore gains

$952.39 — $40.00 — $905.00 = $7.39

relative to the situation the investor would have been in by keeping the bond. This
strategy is summarized in Table 3.6.

The strategy in Table 3.5 produces a profit when the forward price is greater than
$912.39, whereas the strategy in Table 3.6 produces a profit when the forward price is
less than $912.39. It follows that if there are no arbltrage opportunities, the forward
price must be $912.39.

A Generalization

We can generalize from this example to argue that when an investment asset will
provide income with a present value of .7 during the life of a forward contract

Fo=1(S,— NeT (3.6)

In our example, S, = 900.00, I = 40e~%P*%% 4 4007019 = 74433, r =0.1,and T = |
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50 that
Fo = (900.00 — 74.433)%! = $912.39

This is in agreement with our earlier calculation. Equation (3.6) applies to any asset that
provides a known cash income.

If Fy > (So— De'T, an arbitrageur can lock in a profit by buying the asset and
shorting a forward contract on the asset. If Fy < (Sy — I)¢’” an arbitrageur can lock
in a profit by shorting the asset and taking a long position in a forward contract. If
short sales are not possible, investors who own the asset will find it profitable to sell the
asset and enter into long forward contracts.’

Exampile

Consider a 10-month forward contract on a stock with a price of $50. We assume
that the risk-free rate of interest (continuously compounded) is 8% per annum for
all maturities. We also assume that dividends of $0.75 per share are expected after
three months, six months, and nine months. The present value of the dividends, 1,
is given by

I — 0-758—0.08)(3/[2 + 0‘758—0.03)(6/12 + 0‘752—0.08X9/]2 = 2.162

The variable T is 10 months so that the forward price, Fy, from equation (3.6), is
given by
Fy = (50 — 2.162)e%"1%12 — §51.14

If the forward price were less than this, an arbitrageur would short the stock spot
and buy forward contracts. If the forward price were greater than this, an arbit-
rageur would short forward contracts and buy the stock spot.

3.7 KNOWN YIELD

‘We now consider the situation where the asset underlying a forward contract provides a
known yield rather than a known cash income. This means that the income is known
when expressed as a percent of the-asset’s price at the time the income is paid. Suppose
that an asset is expected to provide a yield of 5% per annum. This could mean that
income equal to 5% of the asset price is paid once a year. (The yield would then be 5%
with annual compounding.) It could mean that income equal to 2.5% of the asset price
.is paid twice a year. (The yield would then be 5% per annum with semiannual
compounding.) In Section 3.3 we explained that we will normally measure interest rates
with continuous compounding. Similarly we will normally measure yields with con-
tinuous compounding. Formulas for translating a yield measured with one compound-
ing frequency to a yield measured with another compounding frequency are the same as
those given for interest rates in Section 3.3.

Define ¢ as the average yield per annum on an asset during the life of a forward

3 For another way of seeing that equation (3.6) is correct, consider the following strategy: buy one unit of the
asset and enter into a short forward contract to sell it for Fy at time T. This costs S and is certain to lead to a
cash inflow of Fp at time T and income with a present value of /. The initial outflow is So. The present value
of the inflows is 7 + Foe™ 7. Hence Sy = I + Fye™'T, or equivalently Fy = (S — He'.
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contract. It can be shown (see Problem 3.22) that
Fg = Soe(r_q)T (37)

Example

Consider a six-month forward contract on an asset that is expected to provide
income equal to 2% of the asset once during a six-month period. The risk-free
rate of interest (with continuous compounding) is 10% per annum. The asset
price is $25. 1n this case §; =25, r =0.10, and T = 0.5. The yield is 4% per
annum with semiannual compounding. From equation (3.3) this is 3.96% per
annum with continuous compounding. It follows that ¢ = 0.0396 so that from
equation (3.7) the forward price F is given by

| 3.8 VALUING FORWARD CONTRACTS
The value of a forward contract at the time it is first entered into is zero. At a later stage
it may prove to have a positive or negative value. Using the notation introduced earlier,
we suppose Fy is the current forward price for contract that was negotiated some time
apo, the delivery date is in T years, and r is the T-year risk-free interest rate. We also
define

K: Delivery price in the contract
f: Value of the forward contract today

A general result, applicable to all forward contracts (both those on investment assets
and those on consumption assets), is

f=(F-KeT (3.8)

When the forward contract is first negotiated K is set equal to Fy and f = 0. As time
passes, both the forward price, F,, and the value of the forward contract, f, change.

To see why equation (3.8) is correct, we compare a long forward contract that has a
delivery price of F, with an otherwise identical long forward contract that has a
delivery price of K. The difference between the two is only in the amount that will
be paid for the underlying asset at time 7. Under the first contract this amount is Fy;
under the second contract it is K. A cash outflow difference of Fy — K at time T
translates to a difference of (F, — K)e™"" today. The contract with a delivery price F, is
therefore less valuable than the contract with delivery price X by an amount
(Fy — K)e™'T. The value of the contract that has a delivery price of Fy is by definition
zero. Tt follows that the value of the contract with a delivery price of K is (Fp — K)e™'7.
This proves equation (3.8). Similarly, the value of a short forward contract with delivery
price K is

(K - Fo)e_rT

Example

A long forward contract on a non-dividend-paying stock was entered into some
time ago. It currently has six months to maturity. The risk-free rate of interest
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(with continuous compounding) is 10% per annum, the stock price is $25, and the
delivery price is $24. In this case S§; =25, r=0.10, T = 0.5, and K = 24. From
equation (3.5) the six-month forward price, Fy, is given by

Fo = 2561705 = $26.28
From equation (3.8), the value of the forward contract is
f=(26.28 — 24)e”%1¥%% = §2.17

Equation (3.8) shows that we can value a long forward contract on an asset by making
the assumption that the price of the asset at the maturity of the forward contract equals
the forward price Fy. To see this, note that when we make the assumption, a long
forward contract provides a payoff at time T of F, — K. This has a present value of
(Fy — K)e™™T, which is the value of f in equation (3.8). Similarly, we can value a short
forward contract on the asset by assuming that the current forward price of the asset is
realized.

Using equation (3.8) in conjunction with (3.5) gives the foliowing expression for the
value of a forward contract on an investment asset that provides no income:

f=8—Ke'T (3.9)

Similarly, using equation (3.8) in conjunction with (3.6) gives the following expression
for the value of a long forward contract on an investment asset that provides a known
income with present value I:

F=8~—1-kKe" (3.10)

Finally, using equation (3.8} in conjunction with (3.7} gives the following expression for

the value of a long forward contract on an investment asset that provides a known yield

at rate g '
f=58e ¥ —Ke'T (3.11)

3.9 ARE FORWARD PRICES AND FUTURES PRICES EQUAL?

The Appendix at the end of this chapter provides an arbitrage argument to show that
when the risk-free interest rate is constant and the same for all maturities, the forward
price for a contract with a certain delivery date is the same as the futures price for a
contract with that delivery date. The argument in the Appendix can be extended to
cover situations where the interest rate is a known function of time.

When interest rates vary unpredictably (as they do in the real world), forward and
futures prices are in theory no longer the same. The proof of the relationship between
the two is beyond the scope of this book. However, we can get a sense of the nature of
the relationship by considering the situation where the price of the underlying asset, S,
is strongly positively correlated with interest rates. When § increases, an investor who
holds a long futures position makes an immediate gain because of the daily settlement
procedure. The positive correlation indicates that it is likely that interest rates have also
increased. The gain will therefore tend to be invested at a higher than average rate of
interest. Similarly, when § decreases, the investor will incur an immediate loss. This loss
will tend to be financed at a lower than average rate of interest. An investor holding a
forward contract rather than a futures contract is not affected in this way by interest-

:
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rate movements. It follows that a long futures contract will be more attractive than a
similar long forward contract. Hence, when § is strongly positively correlated with
interest rates, futures prices will tend to be higher than forward prices. When § is
strongly negatively correlated with interest rates, a similar argument shows that forward
prices will tend to be higher than futures prices.

The theoretical differences between forward and futures prices for contracts that last
only a few months are in most circumstances sufficiently small to be ignored. In
practice, there are a number of factors not reflected in theoretical models that may
cause forward and futures prices to be different. These include taxes, transactions costs,
and the treatment of margins. The risk that the counterparty will default is generally
less in the case of a futures contract because of the role of the exchange clearinghouse.
Also, in some instances, futures contracts are more liquid and easier to trade than
forward contracts. Despite all these points, for most purposes it is reasonable to assume
that forward and futures prices are the same. This is the assumption we will usually
make in this book. We will use the symbol Fy to represent both the futures price and the
forward price of an asset.

As the life of a futures contract increases, the differences between forward and futures
contracts are liable to become significant. It is then dangerous to assume that forward
and futures prices are perfect substitutes for each other. This point is particularly
relevant to Eurodoilar futures contracts that have maturities as long as 10 years. These
contracts are covered in Chapter 5.

Empirical Research

Some empirical research that has been carried out comparing forward and futures
contracts is listed at the end of this chapter. Cornell and Reinganum studied forward
and futures prices on the British pound, Canadian dollar, German mark, Japanese yen,
and Swiss franc between 1974 and 1979. They found very few statistically significant
differences between the two sets of prices. Their results were confirmed by Park and
Chen, who as part of their study looked at the British pound, German mark, Japanese
yen, and Swiss franc between 1977 and 1981.

French studied copper and silver during the period from 1968 to 1980. The results for
silver show that the futures price and the forward price are significantly different (at the
5% confidence level), with the futures price generally above the forward price. The
results for copper are less clear-cut. Park and Chen looked at gold, silver, silver coin,
platinum, copper, and plywood between 1977 and 1981. Their results are similar to
those of French for silver. The forward and futures prices are significantly different,
with the futures price above the forward price. Rendleman and Carabini studied the
Treasury bill market between 1976 and 1978. They also found statistically significant
differences between futures and forward prices. In all these studies, it seems likely that
the differences observed are due to the factors mentioned in the previous section (taxes,
transactions costs, and so on).

STOCK INDEX FUTURES

A stock index tracks changes in the value of a hypothetical portfolio of stocks. The
weight of a stock in the porifolio equals the proportion of the portfolio invested in the
stock. The percentage increase in the stock index over a small interval of time is set



54

CHAPTER 3

equal to the percentage increase in the value of the hypothetical portfolio. Dividends
are usually not included in the calculation so that the index tracks the capital gain/loss
from investing in the portfolio.*

If the hypothetical portfolio of stocks remains fixed, the weights assigned to
individual stocks in the portfolio do not remain fixed. When the price of one particular
stock in the portfolio rises more sharply than others, more weight is automatically given
to that stock. Some indices are constructed from a hypothetical portfolio consisting of
one of each of a number of stocks. The weights assigned to the stocks are then
proportional to their market prices, with adjustments being made when there are stock
splits, Other indices are constructed so that weights are proportional to market
capitalization (stock price x number of shares outstanding). The underlying portfolio
is then automatically adjusted to reflect stock splits, stock dividends, and new equity
issues.

Stock Indices

Table 3.7 shows futures prices for contracts on a number of different stock indices as
they were reported in the Wall Streer Journal of March 16, 2001. The prices refer to the
close of trading on March 15, 2001.

The Dow Jones Industrial Average is based on a portfolio consisting of 30 blue-chip
stocks in the United States. The weights given to the stocks are proportional to their
prices. One futures contract, traded on the Chicago Board of Trade, is on $10 times the
index.

The Standard & Poor’s 500.(S&P 500) Index is based on a portfolio of 500 different
stocks: 400 industrials, 40 utilities, 20 transportation companies, and 40 financial
institutions. The weights of the stocks in the portfolio at any given time are pro-
portional to their market capitalizations. This index accounts for 80% of the market
capitalization of all the stocks listed on the New York Stock Exchange. The Chicago
Mercantile Exchange (CME) trades two contracts on the S&P 500. One is on $250
times the index; the other (the Mini S&P 500 contract) is on $50 times the index. The
Standard & Poor’s MidCap 400 Index is similar to the S&P 500, but based on a
portfolio of 400 stocks that have somewhat lower market capitalizations.

The Nikkei 225 Stock Average is based on a portfolio of 225 of the largest stocks
trading on the Tokyo Stock Exchange. Stocks are weighted according to their prices.
One futures contract {traded on the CME) is on $5 times the index.

The Nasdag 100 is based on 100 stocks using the National Association of Securitics
Dealers Automatic Quotations Service. The CME trades two contracts. One is on $100
times the index; the other (the Mini Nasdaq 100 contract) is on $20 times the index.

In the GSCI index futures contract shown in Table 3.7, the underiying asset is the
Goldman Sachs Commodity Index. This is not a stock index. It is a broadly based index
of commodity prices. All the major commodity groups, such as energy, livestock, grains
and oilseeds, food and fiber, and metals, are represented in the GSCI. Studies by
Goldman Sachs have shown that the GSCI is negatively related to the S&P 500 index,
with the correlation being in the range —0.30 to —0.40.

The Russell 2000 index is an index of small stocks in the United States. The U.S.
dollar index is a trade-weighted index of the values of six foreign currencies (the euro,
ven, pound, Canadian dollar, Swedish krona, and Swiss franc). The Share Price Index is

4 An exception to this is a total return index. This is calculated by assuming that dividends on the
hypothetical portfolio are reinvested in the portfolio.
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Table 3.7 Stock index futures quotes from the Wall Street Journal on March 16, 2001
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Source: Reprinted by permission of Dow Jones, Inc., via copyright Clearance Center, Inc.
© 2001 Dow Jones & Company, Inc. All Rights Reserved Worldwide.

the All Ordinaries Share Price Index, a broadly based index of Australian stocks. The
CAC-40 Index is based on 40 large stocks trading in France. The DAX-30 Index is based
on 30 stocks trading in Germany. The FT-SE 100 Index is based on a portfolio of 100
major U.K. stocks listed on the London Stock Exchange. The DJ Euro Stoxx 50 Index
and the DJ Stoxx 50 Index are two different indices of blue chip European stocks
compiled by Dow Jones and its European partners. The futures contracts on these
indices trade on Eurex and are on 10 times the values of the indices measured in euros.

As we mentioned in Chapter 2, futures contracts on stock indices are settled in cash,
not by delivery of the underlying asset. All contracts are marked to market at either the
opening price or the closing price of the index on the last trading day, and the positions
are then deemed to be closed. For example, contracts on the S&P 500 are closed out at
the opening S&P 500 index on the third Friday of the delivery month. Trading in the
contracts continues until 8:30 a.m. on that Friday.

Futures Prices of Stock Indices

A stock index can be regarded as the price of an investment asset that pays dividends.
The investment asset is the portfolio of stocks underlying the index, and the dividends
paid by the investment asset are the dividends that would be received by the holder of
this portfolio. It is usually assumed that the dividends provide a known yield rather

-~
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than a known cash income. If ¢ is the dividend yield rate, equation (3.7) gives the
futures price, Fy, as
Fy = S 97 (3.12)

Example

Consider a three-month futures contract on the S&P 500. Suppose that the stocks
underlying the index provide a dividend yield of 1% per annum, that the current
value of the index is 400, and that the continuously compounded risk-free interest
rate is 6% per annum. In this case, r = 0.06, S, =400, T =0.25, and ¢4 = 0.01.
Hence, the futures price, Fy, is given by

FO — 4008(0.06—0.01))(0.25 — $405.03

In practice, the dividend yield on the portfolio underlying an index varies week by week
throughout the year. For example, a large proportion of the dividends on the NYSE
stocks are paid in the first week of February, May, August, and November each year.
The chosen value of g should represent the average annualized dividend yield during
the life of the contract. The dividends used for estimating g should be those for which
the ex-dividend date is during the life of the futures contract. Looking at Table 3.7, we
see that the futures prices for the S&P 500 Index appear to be increasing with the
maturity of the futures contract at about 3.8% per annum. This corresponds to the
situation where the risk-free interest rate exceeds the dividend yield by about 3.8% per
annum.

Index Arbltrage

If Fy > $,¢"97, profits can be made by buying spot {i.e., for immediate delivery) the
stocks underlying the index and shorting futures contracts. If Fo < Sge" 97, profits can
be made by doing the reverse—that is, shorting or selling the stocks underlying the index
and taking a long position in futures contracts. These strategies are known as index
arbitrage. When Fy < Soe('_“')r, index arbitrage is often done by a pension fund that owns
an indexed portfolio of stocks. When F, > S 97, it is often done by a corporation
holding short-term money market investments. For indices involving many stocks, index
arbitrage is sometimes accomplished by trading a relatively small representative sample
of stocks whose movements closely mirror those of the index. Often index arbitrage is
implemented through program trading, with a computer system being used to generate
the trades.

October 1987

To do index arbitrage a trader must be able to trade both the index futures contract and
the portfolio of stocks underlying the index very quickly at the prices quoted in the
market. In normal market conditions this is possible using program trading, and Fy is
very close to Spe o7, Examples of days when the market was anything but normal are
October 19 and 20 of 1987. On what is termed “Black Monday,” October 19, 1987, the
market fell by more than 20%, and the 604 million shares traded on the New York
Stock Exchange easily exceeded all previous records. The exchange’s systems were
overloaded, and if you placed an order to buy or s¢ll a share on that day there could
be a delay of up to two hours before your order was executed. For most of the day,
futures prices were at a significant discount to the underiying index. For example, at the

SRy
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close of trading the S&P 500 Index was at 225.06 (down 57.88 on the day), whereas the
futures price for December delivery on the S&P 500 was 201.50 (down 80.75 on the
day). This was largely because the delays in processing orders made index arbitrage
impossible. On the next day, Tuesday, October 20, 1987, the New York Stock Exchange
placed temporary restrictions on the way in which program trading could be done. This
also made index arbitrage very difficult, and the breakdown of the traditional linkage
between stock indices and stock index futures continued. At one point the futures price
for the December contract was 18% less than the S&P 500 Index. However, after a few
days the market returned to normal, and the activities of arbitrageurs ensured that
equation (3.12) governed the relationship between futures and spot prices of indices.

The Nikkei Futures Contract

Equation (3.12) does not apply to the futures contract on the Nikkei 225. The reason
is quite subtle. When § is the value of the Nikkei 225 Index, it is the value of a
portfolio measured in yen. The variable underlying the CME futures contract on the
Nikkei 225 has a dollar value of 5S. In other words, the futures contract takes a
variable that is measured in yen and treats it as though it is dollars. We cannot invest
in a portfolio whose value will always be 5§ doliars. The best we can do is to invest in
one that is always worth 5§ yen or in one that is always worth 5Q8§ dollars, where @
is the dollar value of one yen. The arbitrage arguments that have been used in this
chapter require the spot price underlying the futures price to be the price of an asset
that can be traded by investors. The arguments are therefore not exactly correct for
the Nikkei 225 contract.

FORWARD AND FUTURES CONTRACTS ON CURRENCIES

We now move on to consider forward and futures foreign currency contracts. The
underlying asset in such contracts is a certain number of units of the foreign currency.
We will, therefore, define the variable §; as the current spot price in dollars of one unit
of the foreign currency and F, as the forward or futures price in dollars of one unit of
the foreign currency. This is consistent with the way we have defined S, and F; for other
assets underlying forward and futures contracts. However, as mentioned in Chapter 2,
it does not necessarily correspond to the way spot and forward exchange rates are
quoted. For major exchange rates other than the British pound, euro, Australian dollar,
and New Zealand dollar, a spot or forward exchange rate is normally quoted as the
number of units of the currency that are equivalent to one dollar.

A foreign currency has the property that the holder of the currency can earn interest
at the risk-free interest rate prevailing in the foreign country. For example, the holder
can invest the currency in a foreign-denominated bond. We define r as the value of the
foreign risk-free interest rate when money is invested for time 7. As before, r is the
domestic risk-free rate when money is invested for this period of time.

The relationship between F and S is

Fy = Seet 7 (3.13)

This is the well-known interest. rate parity relationship from international finance. To
see that it must be true, we suppose that the itwo-year interest rates in Australia and the
United States are 5% and 7% respectively, and the spot exchange rate between the
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Table 3.8 Foreign exchange futures quotes
from the Wall Street Journal on March 16,
2001
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Jones, Inc., via copyright Clearance Center,
Inc. © 2001 Dow Jones & Company, Inc. All
Rights Reserved Worldwide.

Australian dollar (AUD) and the U.S. dollar (USD) is 0.6200 USD per AUD. From
equation (3.13) the two-year forward exchange rate should be

0.62e007-009x2 _ 0 6453

Suppose first the two-year forward exchange rate is less than this, say 0.6300. An
arbitrageur can:

1. Borrow 1,000 AUD at 5% per annum for two years, convert to 620 USD and
invest the USD at 7%. (Both rates are continuously compounded.)

2. Enter into a forward contract to buy 1,105.17 AUD for 1,105.17 x 0.63 =
696.26 USD.

The 620 USD that are invested at 7% grow to 620¢>%72 = 713.17 USD in two years. Of
this, 696.26 USD are used to purchase 1,105.17 AUD under the terms of the forward
contract. This is exactly enough to repay principal and interest on the 1,000 AUD that are
borrowed (1,000¢*%*% = 1,105.1 7). The strategy therefore gives rise to a riskless profit of
713.17 — 696.26 = 16.91 USD. (If this does not sound very exciting, consider following a
similar strategy where you borrow 100 million AUD!)
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Suppose next that the two-year forward rate is 0.6600 (greater than the 0.6453 value
given by equation (3.13)). An arbitrageur can:

1. Borrow 1,000 USD at 7% per annum for two years, convert to 1,000/0.6200 =
1,612.90 AUD, and invest the AUD at 5%.

2. Enter into a forward contract to sell 1,782.53 AUD for 1,782.53 x 0.66 =
1,176.47 USD. :

The 1,612.90 AUD that are invested at 5% grow to 1,612.90¢*%°*> = 1,782,53 AUD in
two years. The forward contract has the effect of converting this to 1,176.47 USD. The
amount needed to payoff the USD borrowings is 1,000"972 = 1,150.27 USD. The
strategy therefore gives rise to a riskless profit of 1,176.47 — 1,150.27 = 26.20 USD.

Table 3.8 shows futures prices on March 15, 2001, for a variety of different currency
futures trading on the Chicago Mercantile Exchange. In the case of the Japanese yen,
prices are expressed as the number of cents per unit of foreign currency. In the case of
the other currencies, prices are expressed as the number of U.S. dollars per unit of
foreign currency.

When the foreign interest rate is greater than the domestic interest rate (ry > r),
equation {(3.13) shows that F; is always less than §; and that F, decreases as the time
to maturity of the contract, T, increases. Similarly, when the domestic interest rate is
greater than the foreign interest rate (r > ry), equation (3.13) shows that F is always
greater than S, and that F; increases as T increases. On March 15, 2001, interest rates
on the Japanese yen, Canadian dollar, and the euro were lower than the interest rate
on the U.S. dollar. This corresponds to the r > r situation and explains why futures
prices for these currencies increase with maturity in Table 3.8. In Australia, Britain,
and Mexico interest rates were higher than in the United States. This corresponds to
the r; > r situation and explains why the futures price of the Mexican peso decreases
with maturity.

Example

The futures price of the Japanese yen in Table 3.8 appears to be increasing at a
rate of about 4.6% per annum with the maturity of the contract. The increase
suggests that short-term interest rates were about 4.6% per annum higher in the
United States than in Japan on March 15, 2001.

A Foreign Cumrency as an Asset Providing a Known Yield

Note that equation (3.13) is identical to equation (3.7) with g replaced by r. This is not
a coincidence. A foreign currency can be regarded as an investment asset paying a
known yield. The yield is the risk-free rate of interest in the foreign currency.

To understand this, suppose that the one-year interest rate on British pounds is 5%
per annum. (For simplicity we assume that the interest rate is measured with annual
compounding and interest is paid at the end of the year.) Consider a United States
investor who buys 1 million pounds. The investor knows that £50,000 of interest will be
earned at the end of one year. The value of this interest in doliars depends the exchange
rate. 1f the exchange rate in one vear is 1.5000, the interest is worth $75,000; if it is
1.4000, the interest is worth $70,000; and so on. The value in dollars of the interest
earned is 5% of the value of the sterling investment. The 5% interest therefore
represents a known yield to the United States investor on the sterling investment.
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3.12 FUTURES ON COMMODITIES

We now move on to consider futures contracts on commodities. First we consider the
impact of storage on the futures prices of commodities that are investment assets such
as gold and silver.’

Storage Costs

Equation (3.5) shows that in the absence of storage costs the forward price of a
commodity, such as gold or silver, that is an investment asset is given by '

Fy = Spe'” (3.14)

Storage costs can be regarded as negative income. If U is the present value of all the
storage costs that will be incurred during the life of a forward contract, it follows from
equation (3.6) that

Fy=(S+ )T (3.15)

Example

Consider a one-year futures contract on gold. Suppose that it costs $2 per ounce
per year to store gold, with the payment being made at the end of the year.
Assume that the spot price is $450 and the risk-free rate is 7% per annum for
all maturities. This corresponds to r = 0.07, S, = 450, T =1, and

- U =271 =1.865
From equation (3.15) the futures price, Fp, is given by
Fy = (450 + 1.865)e” %! = $484.63

If F, > 484.63, an arbitrageur can buy gold and short one-year gold futures
contracts to lock in a profit. If Fy < 484.63, an investor who already owns gold
can improve the return by selling the gold and buying gold futures contracts.
Tables 3.9 and 3.10 illustrate these strategies for the situations where Fy = 500
and F, = 470.

If the storage costs incurred at any time are proportional to the price of the commodity,
they can be regarded as providing a negative yield. In this case, from equation (3.7),

Fy = Spe" ™7 , (3.16)

where u is the storage costs per annum as a proportion of the spot price.

Consumption Commodities

For commodities that are consumption assets rather than investment assets, the
arbitrage arguments used to determine futures prices need to be reviewed carefully.

5 Recall that for an asset to be an investment asset, it need not be held solely lor investment purpeses. What
is required is that some individuals hold it for investment purposes and that these individuals be prepared to
sell their holdings and go long forward contracts, if the latter look more attractive. This explains why silver,
although it has significant industrial uses, is an investment asset.
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Table 3.9 Arbitrage opportunity in the gold market when gold futures price is too high

From the Trader’s Desk

The one-year futures price of gold is $500 per ounce, The spot price is $450 per
ounce and the risk-free interest rate is 7% per annum. The storage costs for gold are
$2 per ounce per year payable in arrears.

Opportunity

The futures price of gold is too high. An arbitrageur can

1. Borrow $45,000 at the risk-free interest rate to buy 100 ounces of gold.

2. Short one gold futures contract for delivery in one year.
At the end of the year $50,000 is received for the gold under the terms of the futures
contract, $48,263 is used to pay interest and principal on the loan, and $200 is used to
pay storage. The net gain is

$50,000 — $48,263 — 5200 = $1,537

Suppose that instead of equation (3.15), we have
Fo> (So+ )™ (3.17)

To take advantage of this opportunity, an arbitrageur can implement the following
strategy:

1. Borrow an amount S, + U at the risk-free rate and use it to purchase one unit of
the commodity and to pay storage costs.

2. Short a forward contract on one unit of the commodity.

If we regard the futures contract as a forward contract, this strategy leads to a profit of
Fy— (S, + U)e’T at time T. Table 3.9 illustrates the strategy for gold. There is no
problem in implementing the strategy for any commodity. However, as arbitrageurs
do so, there will be a tendency for S, to increase and F, to decrease until equation (3.17)
is no longer true. We conclude that equation (3.17) cannot hold for any significant
length of time. '

Suppose next that -
Fy < (So+ )e'T (3.18)

In the case of investment assets such as gold and silver, we can argue that many
investors hold the commodity solely for investment. When they observe the inequality
in equation (3.18), they will find it profitable to:

1. Sell the commodity, save the storage costs, and invest the proceeds at the risk-free
interest rate.

2. Take a long position in a forward contract.

This strategy is illustrated for gold in Table 3.10. The resuit is a riskless profit at
maturity of (S, + U)e”T — F, relative to the position the investors would have been in if
they had held the gold or silver. It follows that equation (3.18) cannot hold for long.
Because neither equation (3.17) nor (3.18) can hold for long, we must have
Fy= (8 + ).

For commodities that are not to any significant extent held for investment, this
argument cannot be used. Individuals and companies who keep such a commodity in
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Table 3.10 Arbitrage opportunity in the gold market when gold futures price is too low

From the Trader’s Desk

The one-year futures price of gold is $470 per ounce. The spot price is $450 per
ounce and the risk-free interest rate is 7% per annum. The storage costs for gold are
$2 per ounce per year payable in arrears.

| Opportunity

The futures price of gold is too low, An investor who already holds 100 ounces of
gold for investment purposes can

1. Sell the gold for $45,000.

2. Enter into one iong gold futures contract for delivery in one year.
The $45,000 is invested at the risk-free interest rate for one year and grows to $48,263,
At the end of the year, under the terms of the futures contract, 100 ounces of gold are
purchased for $47,000. The investor therefore ends up with 100 ounces of gold plus

$48,263 — $47,000 = $1,263

in cash. If the gold is kept throughout the vear, the investor ends up with 100 ounces
of gold, but has to pay 3200 for storage. The futures contract therefore improves the
investor’s position by

1,263 + §200 = 31,463

inventory do so because of its consumption value—not because of its value as an
investment. They are reluctant to sell the commodity and buy forward contracts,
because forward contracts cannot be consumed. There is therefore nothing to stop
equation (3.18) from holding. All we can assert for a consumption commodity is
therefore -

Fy < (S +U)eT (3.19)
If storage costs are expressed as a proportion u of the spot price, the equivalent result is

Fy < Spe ™ (3.20)

Convenience Yields

We do not necessarily have equality in equations (3.19) and (3.20) because users of a
consumption commodity may feel that ownership of the physical commodity provides
benefits that are not obtained by holders of futures contracts. For example, an oil
refiner is unlikely to regard a futures contract on crude oil in the same way as crude oil
held in inventory. The crude oil in inventory can be an input to the refining process
whereas a futures contract cannot be used for this purpose. In general, ownership of the
physical asset enables a manufacturer to keep a production process running and
perhaps profit from temporary local shortages. A futures contract does not do the
same. The benefits from holding the physical asset are sometimes referred to as the
convenience yield provided by the commodity. If the dollar amount of storage costs is
known and has a present value, U, the convenience yield, y, is defined so that

Foeﬂ = (S + U)E'rT

If the storage costs per unit are a constant proportion, u, of the spot price, y is defined
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3.13

3.14

so that
FoeyT — Soe(r+u)T
or
Fy = Spe =97 (321)

The convenience yield simply measures the extent to which the left-hand side is less than
the right-hand side in equation (3.19) or (3.20). For investment assets the convenience
yield must be zero; otherwise, there are opportunities such as those in Table 3.10.
Table 2.2 of Chapter 2 shows that the futures prices of some commodities such as
Sugar-World tended to decrease as the time to maturity of the contract increased on
March 15, 2001. This pattern suggests that the convenicence yicld, y, is greater than r + u
for these commodities.

The convenience yield reflects the market’s expectations concerning the future
availability of the commodity. The greater the possibility that shortages will occur,
the higher the convenience yield. If users of the commodity have high inventories,
there is very little chance of shortages in the near future and the convenience yield
tends to be low. On the other hand, low inventories tend to lead to high convenience
yields.

THE COST OF CARRY

The relationship between futures prices and spot prices can be summarized in terms of
the cost of carry. This measures the storage cost plus the interest that is paid to finance
the asset less the income earned on the asset. For a non-dividend-paying stock, the cost
of carry is r, because there are no storage costs and no income is earned; for a stock
index, it is r — g, because income is earned at rate ¢ on the asset. For a currency, it is
r —ry; for a commodity with storage costs that are a proportion u of the price, it is
r + u; and so on.
Define the cost of carry as ¢. For an investment asset the futures price is

Fy = SpeT (3.22)
For a consumption asset, it is
Fy = Syt 7T (323)
where y is the convenience yield.

DELIVERY OPTIONS

Whereas a forward contract normally specifies that delivery is to take place on a
particular day, a futures contract often aliows the party with the short position to
choose to deliver at any time during a certain period. (Typically the party has to give a
few days’ notice of its intention to deliver.} The choice introduces a complication into
the determination of futures prices. Should the maturity of the futures contract be
assumed to be the beginning, middle, or end of the delivery period? Even though most
futures contracts are closed out prior to maturity, it is important to know when delivery
would have taken place in order to calculate the theoretical futures price.

If the futures price is an increasing function of the time to maturity, it can be seen
from equation (3.23) that ¢ > y, so that the benefits from holding the asset (including
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convenience yield and net of storage costs) are less than the risk-free rate. It is usually
optimal in such a case for the party with the short position to deliver as early as
possible, because the interest earned on the cash received outweighs the benefits of
holding the asset. As a rule, futures prices in these circumstances should be calculated
on the basis that delivery will take place at the beginning of the delivery period. 1f

~ futures prices are decreasing as time to maturity increases (¢ < y), the reverse is true. It

is then usually optimal for the party with the short position to deliver as late as
posstble, and futures prices should, as a rule, be calculated on this assumption.

FUTURES PRICES AND THE EXPECTED FUTURE SPOT PRICE

One question that is often raised is whether the futures price of an asset is equal to its
expected future spot price. If you have to guess what the price of an asset will be in
three months, is the futures price an unbiased estimate? Chapter 2 presented the
arguments of Keynes and Hicks. These authors contend that speculators will not trade
a futures contract unless their expected profit is positive. By contrast, hedgers are
prepared to accept a negative profit because of the risk-reduction benefits they get
from a futures contract. If more speculators are long than short, the futures price will
tend to be less than the expected future spot price. On average, speculators can then
expect to make a gain, because the futures price converges to the spot price at maturity
of the contract. Similarly, if more speculators are short than long, the futures price will
tend to be greater than the expected future spot price.

Risk and Retfurn

Another explanation of the relationship between futures prices and expected future spot
prices can be obtained by considering the relationship between risk and expected return
in the economy. In general, the higher the risk of an investment, the higher the expected
return demanded by an investor. Readers familiar with the capital asset pricing model
will know that there are two types of risk in the economy: systematic and nonsystematic.
Nonsystematic risk should not be important to an investor. It can be almost completely
eliminated by holding a well-diversified portfolio. An investor should not therefore
require a higher expected return for bearing nonsystematic risk. Systematic risk, by
contrast, cannot be diversified away. It arises from a correlation between returns from
the investment and returns from the stock market as a whole. An investor generally
requires a higher expected return than the risk-free interest rate for bearing positive
amounts of systematic risk. Also, an investor is prepared to accept a lower expected
return than the risk-free interest rate when the systematic risk in an investment is
negative,

The Risk in a Futures Posltion

Let us consider a speculator who takes a long futures position in the hope that the spot
price of the asset will be above the futures price at maturity. We suppose that the
speculator puts the present value of the futures price into a risk-free investment while
simultaneously taking a long futures position. We assume that the futures contract can
be treated as a forward contract. The proceeds of the risk-free investment are used to
buy the asset on the delivery date. The asset is then immediately sold for its market
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price. The cash flows to the speculator are

Time 0: —Fye™""
Time T: +S7

where Sy is the price of the asset at time T,
The present value of this investment is

—Fye T + E(Sp)e™*T

where & is the discount rate appropriate for the investment (i.e., the expected return
required by investors on the investment) and E denotes expected value. Assuming that
all investment opportunities in securities markets have zero net present value, we have

—Fpe T + E(Sp)e™ =0
or
Fy = E(Sp)e"™" (3.24)

The value of k& depends on the systematic risk of the investment. If Sy is uncorrelated
with the level of the stock market, the investment has zero systematic risk. In this case
k = r, and equation (3.24) shows that F, = E(Sr). If Sy is positively correlated with the
stock market as a whole, the investment has positive systematic risk. In this case k > r,
and equation (3.24) shows that Fy < E(Sr). Finally, if Sr is negatively correlated with
the stock market, the investment has negative systematic risk. In this case £ < r, and
equation (3.24) shows that Fy > E(Sy).

Empirical Evidence

If Fy = E(S7), the futures price will drift up or down only if the market changes its
views about the expected future spot price. Over a long period of time, we can
reasonably assume that the market revises its expectations about future spot prices
upward as often as it does so downward. It follows that when F, = E(Sy), the average
profit from holding futures contracts over a long period of time should be zero. The
Fy < E(8y) situation corresponds to the positive systematic risk situation. Because the
futures price and the spot price must be equal at maturity of the futures contract, a
futures price should on average drift up, and a trader should over a long period of time
make positive profits from consistently holding long futures positions. Similarly, the
Fy > E(Sy) situation implies that a trader should over a long period of time make
positive profits from consistently holding short futures positions.

How do futures prices behave in practice? Some of the empirical work that has been
carried out is listed at the end of this chapter, The results are mixed. Houthakker's
study looked at futures prices for wheat, cotton, and corn from 1937 to 1957, It showed
that significant profits could be earned by taking long futures positions. This suggests
that an investment in corn has positive systematic risk and Fy, < E(Sr). Telser’s study
contradicted the findings of Houthakker. His data covered the period from 1926 to
1950 for cotton and from 1927 to 1954 for wheat and gave rise to no significant profits
for traders taking either long or short positions. To quote from Telser: “The futures
data offer no evidence to contradict the simple . . .hypothesis that the futures price is an
unbiased estimate of the expected future spot price.” Gray’s study looked at corn
futures prices during the period 1921 to 1959 and resulted in similar findings to those
of Telser. Dusak’s study used data on corn, wheat, and soybeans from 1952 to 1967 and
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took a different approach. It attempted to estimate the systematic risk of an investment
in these commodities by calculating the correlation of movements in the commodity
prices with movements in the S&P 500. The resuits suggest that there is no systematic
risk and lend support to the Fy = E(S;) hypothesis. However, more recent work by
Chang using the same commodities and more advanced statistical techniques supports
the Fy < E(Sr) hypothesis.

SUMMARY

For most purposes, the futures price of a contract with a certain delivery date can be
considered to be the same as the forward price for a contract with the same delivery
date. It can be shown that in theory the two should be exactly the same when interest
rates are perfectly predictable.

For the purposes of understanding futures (or forward) prices, it is convenient to

“divide futures contracts into two categories: those in which the underlying asset is held

for investment by a significant number of investors and those in which the underlying
asset is held primarily for consumption purposes.
In the case of investment assets, we have considered three different situations:

1. The asset provides no income.
2. The asset provides a known dollar income.
3. The asset provides a known yield.

The results are summarized in Table 3.11. They enable futures prices to be obtained for
contracts on stock indices, currencies, gold and silver. Storage costs can be regarded as
negative income,

In the case of consumption assets, it is not possible to obtain the futures price as a
function of the spot price and other observable variables. Here the parameter known as
the asset’s convenience yield becomes important. It measures the extent to which users
of the commodity feel that ownership of the physical asset provides benefits that are not
obtained by the holders of the futures contract. These benefits may include the ability
to profit from temporary local shortages or the ability to keep a production process
running. We can obtain an upper bound for the futures price of consumption assets
using arbitrage arguments, but we cannot nail down an equality relationship between
futures and spot prices.

The concept of cost of carry is sometimes useful. The cost of carry is the storage cost
of the underlying asset plus the cost of financing it minus the income received from it.

Toble 3.11 Summary of results for a contract with time to maturity 7 on an
investment asset with price Sy when the risk-free interest rate fora 7-year period is r

Asset Forward/futures Value of long forward
price contract with delivery price K
Provides no income Spe':r So— Ke™'T

Provides known income
with present value, [ (S — NeT So—F— Ke T

Provides known yield, ¢ Soelr—aT Soe T — Ke™T
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In the case of investment assets, the futures price is greater than the spot price by an
amount reflecting the cost of carry. In the case of consumption assets, the futures price
is greater than the spot price by an amount reflecting the cost of carry net of the
convenience yield.

If we assume the capital asset pricing model is true, the relationship between the
futures price and the expected future spot price depends on whether the return on the
asset is positively or negatively correlated with the return on the stock market. Positive
correlation will tend to lead to a futures price lower than the expected future spot price.
Negative correlation will tend to lead to a futures price higher than the expected future
spot price. Only when the correlation is zero will the theoretical futures price be equal
to the expected future spot price,
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Quiz (Answers at End of Book)

3.1

32

3.3.

34

35,

36.

3

A bank quotes you an interest rate of 14% per annum with quarterly compounding. What
is the equivalent rate with (a) continuous compounding and (b} annual compounding?

Explain what happens when an investor shorts a certain share,

Suppose that you enter into a six-month forward contract on a non-dividend-paying
stock when the stock price is $30 and the risk-free interest rate (with continuous
compounding)} is 12% per annum. What is the forward price?

A stock index currently stands at 350. The risk-free interest rate is 8% per annum (with
continuous compounding) and the dividend yield on the index is 4% per annum. What
should the futures price for a four-month contract be?

Explain carefully why the futures price of gold can be calculated from its spot price and
other observable variables whereas the futures price of copper cannot.

Explain carefully the meaning of the terms convenience yield and cost of carry. What is
the relationship between futures price, spot price, convenience yield, and cost of carry?

Is the futures price of a stock index greater than or less than the expected future value of
the index? Explain your answer.

Questions and Problems (Answets in Solutions Manual)

3.8.

3.9.

3.10.

3.11.

312

An investor receives $1,100 in one year in return for an investment of $1,000 now.
Calculate the percentage return per annum with

a. Annual compounding

b. Semiannual compounding

c. Monthly compounding

d. Continuous compounding

What rate of interest with continuous compounding is equivalent to 15% per annum
with monthly compounding?

A deposit account pays 12% per annum with continuous compounding, but interest is
actually paid quarterly,. How much interest will be paid each quarter on a $10,000
deposit? .-

A one-year long forward contract on a non-dividend-paying stock is entered into when

the stock price is $40 and the risk-free rate of interest is 10% per annum with continuous

compounding.

a. What are the forward price and the initial value of the forward contract?

b. Six months later, the price of the stock is $45 and the risk-free interest rate is still 10%.
What are the forward price and the value of the forward contract?

The risk-free rate of interest is 7% per annum with continuous compounding, and the
dividend yield on a stock index is 3.2% per annum. The current value of the index is 150.
What is the six-month futures price?
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313,

3.14.

3.15.

3.16.

317

3.18.

3.19.

3.20.

3.21.

3.22.

Assume that the risk-free interest rate is 9% per annum with continuous compounding
and that the dividend yield on a stock index varies throughout the year. In February,
May, August, and November, dividends are paid at a rate of 5% per annum. In other
months, dividends are paid at a rate of 2% per annum. Suppose that the value of the
index on-July 31, 2001, is 300. What is the futures price for a contract deliverable on
December 31, 2001?

Suppose that the risk-free interest rate is 10% per anoum with continuous compounding
and that the dividend yield on a stock index is 4% per annum. The index is standing at
400, and the futures price for a contract deliverable in four months is 405. What arbitrage
opportunities does this create?

Estimate the difference between short-term interest rates in Mexico and the United States
on March 135, 2001, from the information in Table 3.8.

The two-month interest rates in Switzerland and the United States are 3% and 8% per
annum, respectively, with continuous compounding. The spot price of the Swiss franc is
$0.6500. The futures price for a contract deliverable in two months is $0.6600. What
arbitrage opportunities does this create?

The current price of silver is $9 per ounce. The storage costs are $0.24 per ounce per year
payable quarterly in advance. Assuming that interest rates are 10% per annum for all
maturities, calculate the futures price of silver for delivery in nine months.

Suppose that F; and F, are two futures contracts on the same commodity with times to
maturity ¢; and t;, where t2 > . Prove that

F> < F gt

where r is the interest rate (assumed constant) and there are no storage costs. For the
purposes of this problem, assume that a futures contract is the same as a forward
contract.

When a known future cash outflow in a foreign currency is hedged by a company using a
forward contract, there is no foreign exchange risk. When it is hedged using futures
contracts, the marking-to-market process does leave the company exposed to some risk.
Explain the nature of this risk. In particular, consider whether the company is better off
using a futures contract or a forward contract when

a. The value of the foreign currency falls rapidly during the life of the contract

b. The value of the foreign currency rises rapidly during the life of the contract

¢. The value of the foreign currency first rises and then falls back to its initial value

d. The value of the foreign currency first falls and then rises back to its initial value
Assume that the forward price equals the futures price.

It is sometimes argued that a forward exchange rate is an unbiased predictor of future
exchange rates. Under what circumstances is this so?

Show that the growth rate in an index futures price equals the excess return of the index
over the risk-free rate. Assume that the risk-free interest rate and the dividend yield are
constant.

Show that equation (3.7) is true by considering an investment in the asset combined with
a short position in a futures contract. Assume that all income from the asset is reinvested
in the asset. Use an argument similar to that in footnotes 2 and 3 and explain in detail
what an arbitrageur would do if equation (3.7) did not hold.
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Assignment Questions

3.23.

3.24.

3.25.

3.26.

3.27.

A stock is expected to pay a dividend of $1 per share in two months and in five months.
The stock price is $50, and the risk-free rate of interest is 8% per annum with continuous
compounding for all maturities. An investor has just taken a short position in a six-month
forward contract on the stock.

a. What are the forward price and the initial value of the forward contract?

b. Three months later, the price of the stock is $48 and the risk-free rate of interest is still
8% per annum. What are the forward price and the value of the short position in the
forward contract?

A bank offers a corporate client a choice between borrowing cash at 11% per annum and
borrowing gold at 2% per annum. (If gold is borrowed, interest must be repaid in gold.
Thus, 100 ounces borrowed today would require 102 ounces to be repaid in one year.) The
risk-free interest rate is 9.25% per annum, and storage costs are (.5% per annum. Discuss
whether the rate of interest on the gold loan is too high or too low in relation to the rate
of interest on the cash loan. The interest rates on the two loans are expressed with annual
compounding. The risk-free interest rate and storage costs are expressed with continuous
compounding.

A company that is uncertain about the exact date when it will pay or receive a foreign
currency may try to negotiate with its bank a forward contract that specifies a period
during which delivery can be made. The company wants to reserve the right to choose the
exact delivery date to fit in with its own cash flows. Put yourself in the position of the
bank. How would you price the product that the company wants?

A foreign exchange trader working for a bank enters into a long forward contract to buy
1 million pounds sterling at an exchange rate of 1.6000 in three months. At the same time,
another trader on the next desk takes a long position in 16 three-month futures contracts
on sterling. The futures price is 1.6000, and each contract is on 62,500 pounds. Within
minutes of the trades being executed the forward and the futures prices both increase to
1.6040. Both traders immediately claim a profit of $4,000. The bank’s systems show that
the futures trader has made a $4,000 profit, but the forward trader has made a profit of
only 33,900. The forward trader immediately picks up the phone to complain to the
systems department. Explain what is going on here. Why are the profits different?

A trader owns gold as part of a long-term investment portfolio. The trader can buy gold
for $250 per ounce and sell gold for $249 per ounce. The trader can borrow funds at 6%
per year and invest funds at 5.5% per year. (Both interest rates are expressed with annual
compounding.} For what range of one-year forward prices of gold does the trader have no
arbitrage opportunities? Assume there is no bid—-offer spread for forward prices.
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APPENDIX

Proof That Forward and Futures Prices Are Equal When Interest
Rates Are Constant

This appendix demonstrates that forward and futures prices are equal when interest
rates are constant. Suppose that a futures contract lasts for n days and that F; is the
futures price at the end of day i (0 <i < n). Define § as the risk-free rate per day
(assumed constant). Consider the following strategy.®

1. Take a long futures position of ® at the end of day 0 (i.e., at the beginning of the
contract).

2. Increase long position to ¢ at the end of day 1.

3. Increase long position to ¢* at the end of day 2.

And so on.

This strategy is summarized in Table 3.12. By the beginning of day i, the investor has a
long position of ¢”. The profit (possibly negative) from the position on day i is

(F; ~ Fi_y)e”

Assume that the profit is compounded at the risk-free rate until the end of day n. Its
value at the end of day n is

(F; — Fi_ )%™ = (F, — F,_))e™

The value at the end of day n of the entire investment strategy is therefore

> (Fi - Fiye
i=1
This is
[(Fo — Fot)+ (Foot — Fasd) + -+ (F) — Fo)le™ = (F, — Fp)e™

Because F, is the same as the terminal asset spot price, Sy, the terminal value of the
investment strategy can be written
(Sr — Fo)e™

An investment of F, in a risk-free bond combined with the strategy just given yields
Foe"a =+ (ST - Fo)e"5 = Srenﬁ

at time 7. No investment is required for all the long futures positions described. It
follows that an amount Fy can be invested to give an amount Sye™ at time 7.
Suppose next that the forward price at the end of day 0 is G,. Investing Gy in a
riskless bond and taking a long forward position of ™ forward contracts also
guarantees an amount Sre™ at time T. Thus, there are two investment strategies—

® This strategy was proposed by J. C. Cox, I. E. Ingersoll, and S. A. Ross, “The Relation between Forward
Prices and Futures Prices,” Journal of Financial Economics 9 (December 1981): 321-46.
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Table 3.12 The investment strategy to show that futures and forward prices are equal

Day 0 | 2 . o na=—1 n
"Futures price Fa ol I e Fro F,
Futures position e e e¥ Y & 0
Gain/loss 0 (Fi—F)d (R—F)e® .. ... (F,—Fp_)e"
Gain/loss compounded todayn 0 (F, -~ F)e® (RR—F)e? ... ... (F,—F,)e”

one requiring an initial outlay of F; and the other requiring an initial outlay of Gyz—
both of which yield Sy¢™ at time 7. It follows that in the absence of arbitrage
opportunities

Fy=Gy

In other words, the futures price and the forward price are identical. Note that in this
proof there is nothing special about the time period of one day. The futures price based
on a contract with weekly settlements is also the same as the forward price when
corresponding assumptions are made.
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